Millimeter-wave (mmWave) communication is a promising technology to meet the ever-growing data traffic of vehicular communications. Unfortunately, more frequent channel estimations are required in this spectrum due to the narrow beams employed to compensate for the high path loss. Hence, the development of highly efficient beam tracking algorithms is essential to enable the technology, particularly for fast-changing environments in vehicular communications. In this paper, we propose an innovative scheme for beam tracking based on the Extended Kalman Filter (EKF), improving the mean square error performance by 49% in vehicular settings. We propose to use the position, velocity, and channel coefficient as state variables of the EKF algorithm and show that such an approach results in improved beam tracking with low computational complexity by taking the kinematic characteristics of the system into account. We also explicitly derive the closed-from expressions for the Jacobian matrix of the EKF algorithm.
I. INTRODUCTION
Advanced technologies such as high definition road maps, real-time updates, and a large number of sensors embedded in vehicles can result in enhanced safety of passengers, parking assistance for drivers, and better vehicular traffic management systems [1] , [2] . The common ground for enabling all such revolutionary technologies in vehicular communications is achieving a higher network capacity for data sharing.
One of the most appealing candidates to improve network capacity is exploiting the Millimetre Wave (mmWave) spectrum [3] , [4] . In fact, the use of mmWave is not a new concept for applications such as vehicle to vehicle (V2V) and vehicle to infrastructure (V2I) communication [5] . However, it was only until recently that directional antenna systems have made the technology a practical option by concentrating the power on one or more beams. Such enhanced designs have alleviated many of the existing issues, such as high signal attenuation and blockage probability of communication in the mmWave spectrum.
Despite numerous advantages of directional antenna arrays, they result in narrow beams that require frequent channel estimation, particularly in fast-changing environments such as vehicular communications. Therefore, there is a need for more advanced algorithms that improve beam tracking in order to reduce the number of channel estimations required. In this paper, our goal is to adopt the Extended Kalman Filter (EKF) for beam tracking in the mmWave vehicular communications by proposing an innovative scheme and providing closed-form expressions.
Some of the prior works are briefly introduced as follows. The authors in [6] proposed a beamforming protocol for the 60-GHz propagation channel. The method exploited training sequences for the detection of signal strengths. The evaluation of the proposed algorithm was provided in [7] . In contrast to our work, the approach required multiple beam training sequences that impose significant overhead on the system. The most relevant schemes to our approach are the works in [8] and [9] . In [8] , a full scan of all possible beam directions was proposed in order to achieve the measurement matrix. The proposed scheme applied the EKF algorithm to track the arrived beams; However, it required a high overhead of pilot transmission for this purpose. The state model was based on the angle of arrival (AoA) and angle of departure (AoD), and no consideration was given to the channel coefficient. In [9] , the authors improved the tracking performance by having a single measurement instead of a full scan. The system model was also based on AoA and AoD with the addition of the channel coefficient.
To apply the EKF algorithm for beam tracking in vehicular communications, the system is modeled based on the so-called state evaluation model and observation expression. There are several reasons why current approaches based on EKF are not suitable for mmWave vehicular communications. First, the state evolution model is considered to be linear, which is not the case in a vehicular communication setting. Second, current approaches such as [8] , [9] assume that the noise in the system is additive, which is also not valid for vehicular communications as it will be demonstrated in this paper. Third, based on the current scheme, it is not possible to take the impact of kinematic characteristics of vehicles into consideration. For example, no provisions can be made for characteristics such as the initial speed, noise on the speed, and the duration of transmission blocks.
In this paper, we propose a new scheme to enable beam tracking based on the EKF algorithm for mmWave vehicular communications. We explain our approach using a simple V2I scenario. As opposed to the previous approaches that the state variables were based on AoA and AoD, we propose to use position, velocity, and the channel coefficient as state variables. Based on the proposed approach, we are able to significantly reduce the complexity in the calculation of Jacobians required for modeling the system. We explicitly derive the expressions needed for the Jacobians, and finally, implement the EKF algorithm on a V2I scenario. Our proposed scheme improves the beam tracking performance in the mmWave spectrum, considers real-world characteristics of vehicular communications, such as velocity and the transmission block duration, and reduces the computation complexity when calculating the Jacobians. In particular, the proposed scheme improves the mean square error of AoA and AoD by 49%. Notation : We use capital bold-face letter (A) to denote a matrix, a to denote a vector, diag(a) to denote a diagonal matrix whose diagonal entries are a starting in the upper left corner, and a to denote a scalar. The notation |a| is the absolute value of a, ||A|| is the magnitude of A and determinant is shown by det(A). Moreover, A T , A H and A * are the transpose, conjugate transpose and conjugate of A, respectively. For a square matrix A, A −1 represents its inverse. Also, I N is the N × N identity matrix and ⌈·⌉ denotes the ceiling function. A complex Gaussian random vector with mean m and covariance matrix R is shown by CN (m, R), and E[a] and Cov[a] denote the expected value and covariance of a, respectively.
II. SYSTEM MODEL
Throughout the paper, we illustrate our proposed beam tracking approach for mmWave communications based on the schematic presented in Fig. 1 . As can be seen in the figure, a base station is installed on an overpass with a height of h. On the receiver side, antennas are mounted on top of a vehicle moving with the speed of v[k]. As the index suggests, the speed of the car is considered to be variable at different transmission blocks.
Moreover, the current location of the vehicle is specified based on its horizontal distance from the overpass denoted by d[k] at the transmission block k. Also, the transmission and receiving angles of the vehicle are denoted by φ[k] and θ[k], respectively. Note that the angles are considered to be positive when they are between the positive x-axis and the line connecting the receiver to the transmitter.
A. Transmission scheme
Consider a mmWave MIMO system consisting of a transmitter with N t antennas and a receiver with Nr antennas. The communication between the transmitter and receiver is broken down into (K + 1) discrete time blocks (k = 0, ..., K), and the duration of each block is represented by ∆t. To simplify the notation, we set the value of ∆t to one. Therefore, the ith time block starts at the time i.
Data transmission starts with the channel estimation in the first transmission block (k = 0). The remaining blocks are dedicated to beam tracking until a certain error threshold is reached, and the re-estimation of channel is required. The channel estimation process is considered to be reasonably accurate [8] , [9] . Such accuracy can be achieved using several channel estimation techniques proposed for mmWave vehicular communications, or even the exhaustive search approach for beam tracking [10] , [11] . Our proposed approach in this paper only requires a single pilot transmission in the following blocks after the channel estimation (k = 1, ..., K) to track the estimated beam. It is particularly desirable to increase the tracking duration, as it leads to more vacancy for data transmission, and consequently, higher data transmission capacity.
The AoA and AoD of a single path between the transmitter and receiver at the kth transmission block are denoted by θ [k] and φ[k], respectively. Assuming uniform linear array (ULA) at both ends of the transmission, the receive and transmit array response vectors can be written as
where N , d, λ denote the number of antennas, the antenna spacing, and the carrier wavelength, respectively. We have considered the model in two dimensions; however, the extension to three dimensions is straightforward according to [12] . Let θ[k] and φ[k] denote the pointing direction of the receiver combiner and the transmit beamformer , respectively, then the beamforming vectors can be written as
The error in tracking the beam is the difference between the angles of beamformers and array response vectors at both ends of the transmission. Therefore, the objective is to maintain the difference between the angles as low as possible to track the beam for a longer period of time.
B. Channel model
At the time k, the time-varying channel is shown as
where the index l is the indicator of the lth path between the transmitter and receiver, and the variable α l [k] shows the channel coefficient. The scattering in the mmWave spectrum has been shown to induce attenuation of over 20dB [13] .
Hence, the line of sight beam is considered for the purpose of channel estimation and tracking [14] - [17] . This assumption is reasonable due to the recent measurements that showed sparsity of mmWave communications [13] , [18] , [19] . Such sparsity indicates that the beams are separated in this spectrum, and it is highly likely that one path lies in the main beam direction with other paths falling into sidelobes [9] . At the kth time block, after the transmission of pilot s with unity power ( s 2 = 1), the observed signal is given by (6) where n[k] denotes the aggregated noise on the signal, and estimated as Gaussian process noise (n[k] ∼ CN (0, σ 2 n ).
III. PROPOSED BEAM TRACKING ALGORITHM
The EKF algorithm is the extended version of the Kalman Filter that can be applied to nonlinear system models. The previous attempts on adopting the EKF algorithm for beam tracking in mmWave communications were predicated on using the AoA and AoD as state variables [8] , [9] . As discussed earlier in the paper, there are several reasons why the current system model is not suitable for mmWave vehicular communications, such as non-linearity in the state evolution model, non-additive noise, and not being able to consider the kinematic characteristics of vehicular communications. These issues can be elaborated by examining the evolution of angles for a moving vehicle. If the vehicle moves from the transmit angle θ 1 to θ 2 , the change in the transmit angle, and similarly, for the receiving angle is given by
where v 1 is the velocity of the vehicle at the first location and w 1 is the Gaussian noise 1 . It can be seen that (7) is nonlinear with respect to the angle, as well as the process noise, which happens due to the non-additive nature of change in the velocity. If we are to use the angles as state variables, the calculation of the Jacobians for the EKF algorithm becomes highly complex and impractical. Hence, we propose to use the position, velocity, and complex channel gain as the state variables which give a linear state model and additive process noise for vehicular communications. The proposed state evolution model and observation equation are explained in the following, and the application of the EKF algorithm for beam tracking is illustrated.
A. State Evolution Model
Based on our proposed state variables, the corresponding state vector can be written as
where v[k] and d[k] denote the velocity and position of the vehicle at the kth communication block, respectively. The Gaussian coefficient is split into a real part and an imaginary part, i.e., α[k] = α R [k] + jα I [k]. Separating the real and 1 The derivation is excluded for the sake of brevity and can be found in the extended version of the paper in [15] . imaginary parts of the coefficient helps to have all numbers in the state vector as real values. Both α R [k] and α I [k] follow the first-order Gauss-Markov model [9] expressed by
where ρ is the correlation coefficient,
. The evolution of the position and velocity of the vehicle in the next transmission block can be written as
with w[k] denote the process noise representing the change in the speed of the vehicle. The value of w[k] is assumed to follow Gaussian distribution w[k] ∼ N (0, σ 2 w ). In summary, the state evolution equation can be written as
and
B. Observation Expression
To complete the scheme for the implementation of the EKF algorithm, we derive the measurement function based on the state variables. To start with, by substituting (1) (2) (3) (4) in the observation equation in (6), we have 
Based on Fig. 1 , the AoA and AoD of the system can be measured as
where atan2 function returns the four-quadrant inverse tangent. The cosine of the angles are calculated as 2
Substituting equations (20) , (21) 
The closed-form expression for the partial derivative with respect to the position of the vehicle is derived in (31), and the 2 cos(atan2( y x )) = y
closed form expression for the partial derivative with respect the velocity can be calculated by
× ∆t.
(32)
The calculation of partial derivatives for the channel coefficient is straightforward, which corresponds to equation (22), excluding noise and channel coefficient. Note that the calculation of the Jacobian matrix in the current state depends on the Jacobians in the previous two states. Therefore, we set the initial states of the matrix to x 0 . Hence, we have
The real-world interpretation of the initial state is the initial state of the vehicle, which is known based on the channel estimation. Furthermore, in order to deal with complex numbers in the implementation of EKF, 
IV. NUMERICAL RESULTS
In this section, we investigate the performance of the proposed scheme for beam tracking based on the EKF algorithm in mmWave vehicular communications. First, the simulation setup is explained, followed by the performance analysis of the SNR and velocity. And ultimately, we compare our scheme to the previous work in [9] .
A. Simulations Setup
In our simulations, we assume that the transceivers are equipped with 16 antennas spaced by λ/2, and the initial value of AoD and AoA are set to −135 and 45 degrees. Moreover, the values considered for the system variables are ρ = 0.995, ∆t = 0.001s, h = 3m, and the initial speed of the vehicle is set to 60 km/h. The received SNR and velocity are two significant factors affecting the performance of beam tracking, which will be investigated in the following.
B. Effect of SNR on the estimation accuracy
The mean square error (MSE) performance of the EKF tracking algorithm for different SNR values is shown in Fig. 2 . Each point in the graph was obtained after 3000 runs of the algorithm. Note that the performance is given for the MSE of the transmit angle, and similarly, it can be derived for the AoA. In our simulations, the valid tracking threshold is chosen to be E[|φ[k] − φ[k]| 2 ] = BW/2 [9] , where BW denotes the beamwidth. The tracking of a beam is said to be lost if the value of MSE exceeds the threshold shown by a horizontal line on the figure. As can be seen in Fig. 2 , the curves for SNRs= 0, 5, 10dB cross the threshold in 99, 142 and 193 transmission blocks, respectively, where each transmission block corresponds to 1ms. As expected, increasing the value of SNR results in tracking for a longer period of time. C. Impact of Velocity on the Estimation Accuracy Fig. 3 demonstrates the impact of the velocity of the vehicle on beam tracking. The graph is plotted for SNR=0dB, and the same variance of the velocity process noise (σw = 0.28). As can be seen in the figure, increasing the speed negatively affects the performance of beam tracking. This is mainly due to the fact that the duration of the transmission block is constant, and according to the kinematic formula, we have (position displacement) = (velocity) × (block duration). Hence, for a higher velocity, we expect a larger displacement of the vehicle in between the transmission blocks. Therefore, it is reasonable that the beam tracking performance deteriorates as the initial speed increases. The summary of the valid tracking duration for various initial velocities is presented in Table I .
D. Comparison
We compare our proposed scheme and state variables for the EKF algorithm with the previously developed approach in [9] . The authors in [9] use the AoD, AoA, and the channel coefficient as their state variables to track the beam. However, the assumption behind the approach is that the angles evolve based on a process noise with zero mean and variance ( 0.5 180 π) 2 . Moreover, the noise was considered to be additive, and the state evolution equations were deemed to be linear. As explained in Section III, such characterization cause several complications in vehicular settings. If the angles are used as state variables of the system model to track vehicles, the state Proposed Scheme, SNR = 0 dB Prior Scheme in [9] , SNR = 0 dB Fig. 4 : Mean square error of the transmit angle versus teh transmission block size at SNR=0dB for the proposed scheme and the approach developed in [9] . evolution of the system is no longer linear, and the noise is undoubtedly not additive. Such nonlinearity leads to high complexity in the calculation of Jacobians for beam tracking, making it an impractical approach for mmWave vehicular communications. Fig. 4 shows the comparison between our proposed approach and the scheme proposed in [9] . Our suggested scheme results in two significant improvements: (I) The valid tracking performance of the beam is improved by 49%, particularly in high SNRs. (II) Our proposed scheme considers the realistic characteristics of the vehicular communication setting, such as the velocity, the variation in the speed of the vehicle, and the transmission block duration. 6 V. CONCLUSION In this paper, we proposed a scheme for the implementation of beam tracking based on the EKF algorithm in mmWave vehicular communications. New state evolution and observation models were proposed based on the position, velocity, and channel coefficient. The proposed scheme generates linear state evolution, which significantly simplifies the implementation of the EKF beam tracking. The Jacobians were derived in closed-form expressions, which opens up an efficient way to run the EKF algorithm. The new scheme improves beam tracking performance in mmWave vehicular communications by considering the dynamics of vehicular communication systems.
